Some common fixed point results for Banach operator pairs in strongly M-starshaped metric spaces are obtained. As application, invariant approximation theorems are derived. MSC: 47H10; 54H25
Let S ⊂ X and x ∈ X. Then P S ( x) = {x ∈ S : d(x, x) = d( x, S)} is called the set of best Sapproximants to x, where d( x, S) = inf{d( x, y) : y ∈ S} and C I S ( x) = {x ∈ S : Ix ∈ P S ( x)}. In , Meinardus [] employed the Schauder fixed point theorem to prove a result regarding invariant approximation. In , Singh [] proved the following extension of the result of Meinardus. The following result will be needed.
Theorem . Let T be a nonexpansive operator on a normed space X, let M be a nonempty subset of X, T(M) ⊂ M and u ∈ F(T). If P M (u) is nonempty compact and starshaped, then
P M (u) ∩ F(T) = ∅.
Lemma . [] Let D be a subset of an M-starshaped metric space (X, d) and x
∈ X. Then P D ( x) ⊂ ∂D ∩ D.
Main results
The following result will be needed (see 
Lemma . Let S be a nonempty subset of a metric space (X, d), and let T, f be self-maps of S. If F(f ) is nonempty, clT(F(f )) ⊆ F(f ), cl(T(M)) is complete, and T and f satisfy for all x, y ∈ S and 
≤ h < , d(Tx, Ty) ≤ h max d(fx, fy), d(Tx, fx), d(Ty, fy), d(Tx, fy), d(Ty, fx) , (  .  ) then S ∩ F(T) ∩ F(f ) is a singleton.
Theorem . Let S be a nonempty subset of a strongly M-starshaped metric space X and let T, f be self-maps of S. Suppose that F(f ) is q-starshaped, clT(F(f )) ⊆ F(f ), cl(T(S)) is compact, T is continuous on S and
for each x, y ∈ F(f ) and  < k n < . If cl(T(S)) is compact for each n ≥ , then cl(T n (S)) is compact and hence complete. By Lemma ., for each n ≥ , there exists x n ∈ F(f ) such that x n = fx n = T n x n . The compactness of cl(T(M)) implies that there exists a subsequence
By the continuity of T, we obtain Tz
= z = fz. Thus, S ∩ F(T) ∩ F(f ) = ∅.
Corollary . Let S be a nonempty subset of a strongly M-starshaped metric space X and let T, f be self-maps of S. Suppose that F(f ) is q-starshaped, clT(F(f )) ⊆ F(f ), cl(T(S)) is compact, T is continuous on S and T is f -nonexpansive on S, then S ∩ F(T) ∩ F(f ) = ∅.

Corollary . Let S be a nonempty subset of a strongly M-starshaped metric space X and let T, f be self-maps of S. Suppose that F(f ) is closed and q-starshaped, (T, f ) is a Banach operator pair, cl(T(S)) is compact, T is continuous on S and T satisfies (.) or T is f -nonexpansive on S, then S ∩ F(T) ∩ F(f ) = ∅.
Corollary . ([], Theorem .) Let M be a nonempty closed and q-starshaped subset of a normed space X and let T and f be self-maps of M such that T(M) ⊆ f (M).
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T commutes with f and q ∈ F(f ). If cl(T(M)) is compact, f is continuous and linear and T is f -nonexpansive on M, then M ∩ F(T) ∩ F(f ) = ∅.
Corollary . (([], Theorem .)) Let M be a nonempty subset of a normed space X and let T and f be self-maps of M. Suppose that F(f ) is q-starshaped, clT(F(f )) ⊆ F(f ), cl(T(M)) is compact, T is continuous on M and (.) holds for all x, y
∈ M. Then M ∩ F(T) ∩ F(f ) = ∅.
Corollary . ([], Theorem .) Let M be a nonempty subset of a normed space X and let T, f be self-maps of M. Suppose that F(f ) is q-starshaped and closed cl(T(M)) is compact, T is continuous on M, (T, f ) is a Banach operator pair and satisfies
(.) for all x, y ∈ M. Then M ∩ F(T) ∩ F(f ) = ∅.
Corollary . Let X be a strongly M-starshaped metric space, let f , T : X → X be two mappings, S be a subset of X such that T(∂S ∩ S) ⊂ S and x ∈ F(T) ∩ F(f ). Suppose that P S ( x) is nonempty closed and q-starshaped with q ∈ F(f ) ∩ M and cl(T(P S ( x))) is compact and f (P S ( x)) = P S ( x). If T is continuous, clT(F(f )) ⊆ F(f ) and satisfies, for all x
Proof Let x ∈ P S ( x). Then by Lemma ., x ∈ ∂S ∩ S and so Tx ∈ S since T(∂S ∩ S) ⊂ S. As T satisfies (.) on P S ( x) ∪ { x} and I(P S ( x)) = P S ( x), we have
This implies that Tx
∈ P S ( x). Thus T(P S ( x)) ⊂ P S ( x) = f (P S ( x)). Now Theorem . implies that P S ( x) ∩ F(T) ∩ F(f ) = ∅.
Theorem . Let X be a strongly M-starshaped metric space, letf , T : X → X be two mappings, S be a subset of X such that T(∂S ∩ S) ⊂ S and x ∈ F(T) ∩ F(f ). Suppose that P S ( x) is nonempty closed and q-starshaped with q ∈ F(f ) ∩ M and cl(T(P S ( x))) is compact and
Remark . A subset S of a strongly M-starshaped metric space X is said to have the property (N) w.r.t.
(ii) W (Tx, q, k n ) ∈ S for some q ∈ S ∩ M and a fixed sequence of real numbers k n ( < k n < ) converging to  and for each x ∈ S. All results of the paper (Theorem .-Theorem .) remain valid provided f is assumed to be surjective and q-starshapedness of the set F(f ) is replaced by the property (N) Remark . All results of the paper can be proved for multivalued Banach operator pairs defined and studied in [] .
